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Weak and Variational Formulations

Define

(u, v) =

∫ 1

0
u(x)v(x) dx

and

F (v) =
1

2
[(v ′, v ′) + (cv , v)]− (f̂ , v)



Existence and Uniqueness Best Approximation A 2-d Problem Implementation - The main ingredients

Weak and Variational Formulations - Continued

The weak problem is find û ∈ V such that

(û′, v ′) + (cû, v) = (f̂ , v) for all v ∈ V

The variational problem is find û ∈ V such that

F (û) ≤ F (v) for all v ∈ V

Then u = û + g is a weak (or variational) solution of the original
problem
If u is sufficiently regular, it is a strong solution, or a classical
solution of the p.d.e.
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Comments on Existence and Uniqueness

Find u ∈ V such that

(u′, v ′) + (cu, v) = (f , v) for all v ∈ V

(Note we dropped the hatˆnotation)
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Continuity and Stability of Forms

On V we have an inner product

〈u, v〉 = (u′, v ′) + (cu, v)

or

〈u, v〉 = (u′, v ′)

and a norm

‖v‖ =
√

(v ′, v ′) + (cv , v)

or

‖v‖ =
√

(v ′, v ′)
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Continuity and Stability of Forms

Continuity
(u′, v ′) + (cu, v) ≤ C‖u‖‖v‖

and
(f , v) ≤ M‖v‖

Stability
(v ′, v ′) + (cv , v) ≥ α‖v‖2
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Existence and Uniqueness

We can show the weak problem has a unique solution.
Proof...
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Best Approximation

Given V h the finite element approximation uh of u satisfies

‖u − uh‖H1 ≤ C‖u − vh − gh‖H1 for all vh ∈ V h
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Best Approximation - The Proof

α‖u − uh‖2
H1 ≤ ((u − uh)′, (u − uh)′) + (c(u − uh), u − uh)

= ((u − uh)′, (u − vh − gh)′) + (c(u − uh), u − vh − gh)

≤ M‖u − uh‖H1‖u − vh − gh‖H1

‖u − uh‖H1 ≤ C‖u − vh − gh‖H1 for all vh ∈ V h
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Extensions

Time dependent problems (finite differences, or discontinuous
Galerkin)

Nonconforming finite elements

Saddle point problems (mixed formulations, inf-sup)

First order systems
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2-d Problem

Consider
−∆u + cu = f in Ω

u|∂Ω = g

Homogenize the problem, find ĝ such that ĝ |∂Ω = g

Find û such that

−∆û + cû = f̂ in Ω

û|∂Ω = 0

where
f̂ = f + ∆ĝ − cĝ
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The Domain

125

27. Boundary value problems in 2D

27.1. Definition. We say that a bounded domain Ω ⊂ R2 has a piecewise
smooth boundary ∂Ω if at almost all points of ∂Ω there exists the outward normal
to Ω and if ∂Ω is a union of a finite number smooth parts.

Remark. In the case of a boundary ∂Ω from Definition 27.1 cuts into the do-
main are excluded (see Fig. 27.1); however, cusp-points (turning points) are allowed
(see Figs. 27.2a and 27.2b). The domain Ω can be multiply connected. (Here all
three domains are simply connected.)

Ω ΩΩ

Fig. 27.1 and Figs. 27.2a and 27.2b

Let a given domain Ω ⊂ R2 have a piecewise smooth boundary ∂Ω without
cusp-points. In this chapter we consider the following boundary value problem:

−
2∑

i,j=1

∂

∂xj

(
kij

∂u

∂xi

)
= f in Ω, (27.1)

u = uD on Γ1 ⊂ ∂Ω, (27.2)
2∑

i,j=1

kij
∂u

∂xi
nj = q on Γ2 ⊂ ∂Ω, (27.3)

where (n1, n2) is a unit vector of the outward normal to Γ2 ⊂ ∂Ω and Γ1, Γ2 are
two (relatively open) subsets of ∂Ω such that

Γ1 ∩ Γ2 = ∅, meas1Γ1 + meas1Γ2 = meas1∂Ω, meas1Γ1 > 0.

We assume moreover that Γ1 consists of a finite number mutually disjoint arcs. The
simplest case: Ω is simply connected domain, Γ1 and Γ2 are two arcs the end-points
A, B ∈ ∂Ω of which do not belong to both Γ1 and Γ2; hence ∂Ω = Γ1 ∪Γ2 ∪{A, B}.

First we introduce a notion (a trace of a function), which is unnecessary in R1

because H1(I) ⊂ AC0(I):

27.2. Theorem (Trace theorem). Let Ω ⊂ R2 be a domain with a piecewise
smooth boundary without cusp-points. Then there exists just one bounded linear
operator

T : H1(Ω) → L2(∂Ω) ,

which maps the space H1(Ω) into the space L2(∂Ω) in such a way that we have

(Tv)(X) = v(X) ∀v ∈ C∞(Ω) ∀X ∈ ∂Ω . (27.4)

For the proof see [Ne, p. 15 -16] or [Že2, proof of Th. 11.6].

27.3. Remark. a) The linearity of the operator T means

T(c1u + c2v) = c1Tu + c2Tv , c1, c2 ∈ R1, u, v ∈ H1(Ω) .

Usually require Ω to be of class C 0,1 or C 1,1, satisfy the cone
condition, and be on one side of the boundary.
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Weak Form

Multiply the p.d.e. by a test function v and integrate over Ω

∫

Ω
[−∆û + cû]v dx =

∫

Ω
f̂ v dx

v in some appropriate function space1 V

Integrating by parts we get

∫

Ω
(−∆û + cû)v dx = −

∫

∂Ω
∇û · nv ds +

∫

Ω
∇û · ∇v + cûv dx

=

∫

Ω
∇û · ∇v + cûv dx

1Here V = H1
0 (Ω)
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Weak and Variational Formulations

Set

(u, v) =

∫

Ω
uv dx

and

F (v) =
1

2
[(∇v ,∇v) + (cv , v)]− (f̂ , v)
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Weak and Variational Formulations - Continued

The weak problem is find û ∈ V such that

(∇û,∇v) + (cû, v) = (f̂ , v) for all v ∈ V

The variational problem is find û ∈ V such that

F (û) ≤ F (v) for all v ∈ V

Then u = û + ĝ is a solution of the original problem
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Discrete Problem

Construct a finite dimensional space1 V h ⊂ V

Solve the discrete weak (or variational) problem find ûh ∈ V h such
that

(∇ûh,∇vh) + (cûh, vh) = (f̂ , vh) for all vh ∈ V h

or find ûh ∈ V such that

F (ûh) ≤ F (vh) for all vh ∈ V h

Then ûh + ĝ is an approximation to u the solution of the p.d.e.

1This leads to, so called, conforming finite element methods, if this inclusion
does not hold we have nonconforming finite elements
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Finite Element Method

Main tasks

Construct a basis for V h

Construct the discrete weak form

Solve algebraic system of equations
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Finite Element Method

List of Ingredients

Mesh generator (data structure)

Basis functions

Assembly routines

Algebraic solver (linear solver)

Post processor
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Mesh Generator
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Mesh Generator
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Mesh Generator
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Elements
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Basis Functions
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Elements
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Elements
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Assembly

n∑

i=1

ûhi [(φ′i , φ
′
j) + (cφi , φj)] = (f̂ , φj) for 1 ≤ j ≤ n
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Algebraic Solver

Linear solver (direct, or iterative)
Nonlinear solver (iterative)
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Post Processor
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