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System of difference equations	



S(t + 1) = (1− α s − µs )S(t) + 0J(t) +ϕaA(t)
J(t + 1) = α sS(t) + (1− α j − µ j )J(t) + 0A(t)
A(t + 1) = 0S(t) +α j J(t) + (1− µa )A(t)
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Matrix population model	



S(t + 1) = (1− α s − µs )S(t) + 0J(t) +ϕaA(t)
J(t + 1) = α sS(t) + (1− α j − µ j )J(t) + 0A(t)
A(t + 1) = 0S(t) +α j J(t) + (1− µa )A(t)
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n(t + 1) = An(t)
A is nonnegative.	





n(t + 1) = An(t)

 

n(1) = An(0)
n(2) = An(1) = A(An(0)) = A2n(0)
n(3) = An(2) = A(A2n(0)) = A3n(0)


(St)Age-Structured matrix model	



n(t) = Atn(0)

(1)	



(2)	



For a p x p matrix A, there are p eigenvalues; some of them are complex. The 
dominant eigenvalue λ of A is the long-term population growth rate.	



λ>1: growing population; λ<1: declining population; λ=1: constant population.	





n(t + 1) = An(t)

Long term growth rate: eigenvalues	



det(A − λI) = 0

At equilibrium, 	



n(t + 1) = λn(t)
Then,	



An̂ = λn̂
(A − λI)n̂ = 0

we can solve this equation for λ using the determinant	





Right and left eigenvectors of A	



From the matrix model we can find the right (w) and left 
(v) eigenvectors of A associated with the dominant 
eigenvalue λ. These eigenvectors satisfy	



Aw = λw
vTA = λvT

The right eigenvector w of A is the stable (st)age 
distribution or the long-term equilibrium states. The left 
eigeinvector v is the reproductive value.	





Reproductive values	



Brown alga (Ascophyllum nodosum) 



Zuidema 2000	



Stable stage distribution	





Distance to stable (st)age distribution	



Keyfitz’s Δ	



Δ(x,w) = 1
2

xi − wi
i
∑ ,

0 ≤ Δ(x,w) ≤ 1

Let x(t) be the observed stage distribution with element 
xi; w the stable stage distribution with component wi.. 
The distance between the two vectors of probabilities is 
measured by	





Findings eigenvalues and eigenvectors in R 	



e<-eigen(A)      # eigenanalysis 
lambda<-Re(e$values[1])  # dominant eigenvalue 

## right eigenvector 
w<-Re(e$vectors[,1])   # stable (st)age distribution 
w<-v/sum(v)      # standardize to total density 

## left eigenvector 
et<- eigen(t(A) 
v<- Re(et$vectors[,1])    
v<-w/w[1]      # reproductive value     

r-project.org 	



## Keyfitz function  
keyfitz<-function(x,y){  # you provide the observed x  

 sum(abs(x-y))/2    # and stable stage dist vectors 
 }  



Sensitivity and Elasticity of λ	
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Sensitivity of λ to changes of transition elements	



Elasticity of λ to changes of transition elements	



Given a Leslie matrix A with transition elements aij,	





Sensitivities and Elasticities in R 	



e<-eigen(A)      # eigenanalysis 
lambda<-Re(e$values[1])  # dominant eigenvalue 
w<-Re(e$vectors[,1])   # stable (st)age distribution 
w<-v/sum(v)      # standardize to total density 
et<- eigen(t(A) 
v<- Re(et$vectors[,1])    
v<-w/w[1]      # reproductive value     

tp <- as.vector(v%*%w) 
tw <- t(w) 
mat <- v %*%tw       

## Sensitivities of lambda to matrix elements 
sens <- mat/tp 

## Elasticities of lambda to matrix elements 
elas <- A/lambda*sens 



Pino et al. 2007. Botanical 
Journal of the Linnean Society 
153, 455–462	



Elasticity patterns	



Long-lived plant 



Treatment Vital rates θ

Stochastic population dynamics, log λs  

Growth rate, λ

Treatment 

Vital rate response 	


θ={θ1, θ2, … θK}

Stochastic growth 
rate, logλS

Environmental 
dynamics P(i)	



Caswell, 2010. Journal of Ecology 98: 324 - 333	





Stochastic matrix population models	
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n(t) = A(t)n(t − 1)

Logλs is the stochastic population growth rate.	



 
logλS = limt→∞

1
t
log At−1At−2…A0n0

 n(t) = At−1At−2…A0n0



n(t) = A(t)n(t − 1)

Case study: Harvesting as Markov Process	
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Harvest states	
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