
Some Open Problems in Functional Analysis

Define:

f ∈ Bp ⇔ f (t) = ∑ cnχIn(t) ; ∑ |cn||In|1/p < ∞

f ∈ Bp ⇔ f (t) = ∑ cn [χLn(t)− χRn(t)] ; ∑ |cn||In|1/p < ∞ ; In = Ln ∪ Rn

f ∈ Λ
(

1− 1
p

, 1, 1
)
⇔ ‖ f ‖Λ =

∫ 2π

0

∫ 2π

0

| f (x)− f (y)|

|x− y|2−
1
p

dxdy < ∞

f ∈ L(p, 1) ⇔ ‖ f ‖L(p,1) =
∫ 2π

0
f ∗(t)t

1
p−1dt < ∞ ; p > 1

f ∈ A(µ, 1/p) ⇔ f (t) = ∑ cnχAn(t) ; ∑ |cn|µ(An)
1/p < ∞ ; p > 1

Here ‖g‖A = inf ∑ |cn|µ(An)1/p. Note that χAn(t) can be replaced by χBn(t) −

χCn(t) with Cn ∩ Bn = ∅, An = Bn ∪ Cn.

Theorem 1. Bp ∼= Λ
(

1− 1
p , 1, 1

)
with equivalent norms.

Theorem 2 (Multiplication operator on Λ(1− 1/p, 1, 1)). The multiplication operator

T : Λ(1− 1/p, 1, 1) → Λ(1− 1/p, 1, 1), p > 1, is bounded if and only if g is bounded

almost everywhere and ∀h ∈ (0, π), ∀a ∈ [−π, π]

1
h1/p

∫ h

0

∫ a+h

a

|g(x + t)− g(x)
t2−1/p dxdt ≤ A < ∞ .

Theorem 3 (De Souza, 2010). f ∈ L(p, 1) ⇔ f ∈ A(µ, 1/p). Moreover, ‖ f ‖L(p,1)
∼=

‖ f ‖A.

Definition 1. The Lorentz-Bochner space, denoted by LX(p, 1), where X is a Banach space

and p > 1

f ∈ LX(p, 1) ⇔ ‖ f ‖LX(p,1) =
∫ 2π

0
‖ f (t)‖∗Xt

1
p−1dt < ∞ .
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Open Problems

Define g : [0, 2π] → [0, 2π], the composition operator Cg f = f ◦ g, and the multi-

plication operator Tg f = g · f .

1. Characterize all g so that Cg : Λ
(

1− 1
p , 1, 1

)
→ Λ

(
1− 1

p , 1, 1
)

boundedly,

i.e. ‖Cg f ‖Λ ≤ M‖ f ‖Λ.

2. Characterize all g so that Cg : Λ
(

1− 1
p , 1, 1

)
→ L(p, 1) boundedly.

3. Find an atomic decomposition for LX(p, 1) similarly to De Souza’s Theorem.

4. From the atomic decomposition in (3) above, characterize all g so that Cg f is

bounded from LX(p, 1) to LX(p, 1). Show the same for Tg f .
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